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The hyperbolic complex Yang-Baxter equation is equivalent to a system
consisting of two ordinary Yang-Baxter equations, and a hyperbolic complex
quantum group is isomorphic to a direct product of two quantum groups. As a
concrete example, the quantum group GLy(T'; &;) with hyperbolic complex
maultiparameter is isomorphic to a direct product of two quantum groups GL(X;
q;;) and GL(Y; r;;) with ordinary multiparameter.

1. INTRODUCTION AND PRELIMINARIES

Hyperbolic complex structures have interesting applications in physics
(Hucks, 1993; Wu, 1992, 1994). Recently, quantum group theory (Drinfeld,
1986; Manin, 1988; Reshetikhin et al., 1989) has made great progress, but
the hyperbolic complex structure is seldom involved in this field. Zhong
(1992) has proved that the hyperbolic complex quantum groups SU,(2) and
GL,(2) are isomorphic to a real quantum group and a direct product of two
real quantum groups, respectively. This leads us to expect that there should
be more complete and thorough results if we introduce the hyperbolic complex
structure into quantum group theory. In fact, we have discovered an interesting
fact: the ordinary pure imaginary unit i (2 = ~1) does not appear in discus-
sions of most quantum groups. Therefore, we may deduce that introducing
the hyperbolic complex structure does not change the basic framework of
quantum groups in most cases. In this paper, we prove that a hyperbolic
complex solution of the Yang—Baxter equation (YBE) can be constructed
from two arbitrary real solutions of YBE, and vice versa. Furthermore, we
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also prove that an arbitrary hyperbolic complex quantum group is isomorphic
to a direct product of two real quantum groups. These results are just an
extension of Zhong’s (1992) results.

Let € denote the pure hyperbolic imaginary unit, i.e., €2 = +1, e # +1.
If f and g are real numbers, then the set of all hyperbolic complex numbers
f + eg forms a commutative ring H (Yaglom, 1988), according to addition
and multiplication. If A is an algebra over K and R! C K, the hyperbolic
complexification of A is written as Ay, the element of which takes the form
a+eb,a,b € A. The Ay is an algebra over H. For any Ay we have the identity

]ﬁ[{%(XﬂrK)+§(X:—K)}=%<ﬁ&+ﬁﬁ-) (ﬁ )
=1 =1 i=1 =1
M

u:|=

This identity plays an important role in the following discussion.

2. THE HYPERBOLIC COMPLEX YANG-BAXTER EQUATION
AND ITS SOLUTIONS

In order to stress the role of the parameter g, in the following a quantum
Yang—Baxter matrix is written as R(g). Suppose that p and g are two real
parameters, and the n X n matrices R(p) and R(g), respectively, are the
solutions of the YBEs

Riy(p)Ros(PIR 12(p) = Ros(pIR 2(p)Rys(p) 2

l:112((1)11123(11)1312(61) = Ii23((1)ﬁ12(61)ﬁ23(‘1)
Let

Ru(p, q) = [R(p) + R + = [R(p) R(9)] 3)
Then by use of equation (1) we obtain
1imz(P, q)Rst(Py C])Rmz(l’, q)

1 M M 4 X X
= E [Ri2(PIR23(PR12(p) + Rix(@)R3(9)R 12(9)]

+= Ri(p)Raos(P)R12(p) — 1312(51)1%23(61)1:{12(‘])]

N

[R23(P)R12(p)R73(P) + R23(Q)R12(Q)R23(Q)]

(\-)IP-d
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€ - v \ X X X
+ 5 [Ras(p)R12(P)R73(p) — Rya(@)R12(q)R23(q)]
= FV{st(P, Q)ﬁmz(P, Q)Rfm(l?, 9 @
This means that Ry(p, q) is a solution of a YBE
lvanfiyzaﬁbnz = ﬁHBRHlZlV{HZB &)

where, however, the R matrix is hyperbolic complex.

Notice that the above matrix Ry has two independent real deformation
parameters p and g. For R matrices related to quantum groups generally the
form of an entry is

[R(p)V = C} + pDi§ + - Ek’z ©)

where C, DY, and EY are constants. Therefore, if R(p) and ﬁ(q) take the

same form, i.e., ﬁ(q) = ﬁ(p — q) (the arrow denotes the substitution), then
by a simple calculation according to equation (3) we obtain

Lo T
Ruld = Ci + EDy + EEk’:

P+ +s(p-a 9

N[ -

£ =

In addition, we notice that so long as p and ¢ both are not zero, then
1 1 €
-1 - 2 = 1| = + —_ = —
13 £ (pq) [2 (p+aq -3 q)]

always exists. This means that if the entries of the R matrices take the form
of equation (6), then the hyperbolic complex R has a hyperbolic complex
deformation parameter £ = o + €B, witha =3(p + g) and B = ( P — q),
and Ry(£) has the same form as a real R( p) matrix, i.e., Ry = R( p > §).

Conversely, if Ry is a YBE solution with two independent real parameters
such as a and B, then R, can be surely decomposed into two ordinary YBE
solutions. In fact, the entries of Ry can be written as

[Ruo, B)IE = Fil(a, B) + €Gli(e, B) (8
where F and G do not contain €. Let

A=F+G, B=F-G &)
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Then
R, — % A B) + B B + 5 (A, B) — B@ B (10)

By using equation (1) again, from the real and imaginary parts of equation
(10), we see that

Ap(a, B)Axn(a, B)An(a, B) = Axn(a, B)A(a, B)Ax(a, B)
Byax(a, B)Bys(a, B)Bia(a, B) = By(at, B)Bio(a, B)Bys(ax, B) (1D

This means that A and B are both real Yang—Baxter matrices with the real
deformation parameters « and .

In the case that the entries of Ry, take the form of equation (6), then the
deformation parameter of the Ry matrix is a hyperbolic complex number §
= a + €B. In this case, the real matrices A and B, which are obtained
by decomposing Ry, have real parameters p = a + B and g = o — B,
respectively, ie.,

Ri® = 3 1) + B@] + S [A(p) — Bl@)

E=ateB=sp+ra+i0-a) (12)

To sum up, we see that the set of hyperbolic complex Yang—Baxter matrices
Ry corresponds one-to-one to a pair of two real matrices R, R,

Ry = & R) (13)

3. HYPERBOLIC COMPLEX QUANTUM GROUPS AND
ISOMORPHIC RELATIONS

The classification of the solutions of the YBE is the same as that of the
quantum envelope algebras of classical Lie algebras; therefore, for a given
solution R(p, ¢) of the YBE we may suppose that there is a corresponding
quantum group G(p, g). A quantum matrix M(p, g) € G(p, q) must satisfy
the Yang—-Baxter relation

(M(p, ) ® Y1 ® M(p, P)R(p, 9)
= R(p, Q)(M(p, 9) ® 1)(1 @ M(p, 9)) (14)

In the following, an asterisk denotes hyperbolic complex conjugation, i.e.,
(a + eb)* = a — eb, where a and b are real numbers. A quantum matrix
M(p, 9) = (Mi(p, q)) is called real if (Mi(p, ¢))* = Mip, q) under the
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operator *. If M(p, q) and M(r, s) are two real quantum matrices obeying
equation (14) in G(p, g) and G(r, s), respectively, then we obtain a hyperbolic
complex quantum matrix

My = (M)
A . . .
My = 2 Mi(p, @) + Mj(r, )] + % Mip, @) — Mi(r,s)]  (15)

Notice that here M, has four deformation parameters p, g, r, and s. By using
equations (1) and (14), we can directly prove

My ® 1)1 ® MRy = Ry(Myy @ 1)(1 @ M) (16)
Thus, we obtain the map

p: G(p, q) X G(r, 5) = G(p, q; 1, 5)
p(M(p, @), M(r, 5)) = Mu(p. g; 1, 5) a7
It is easily proved that the following results hold for p:
pl(M, M)-(M', M")] = p(M, M)-p(M', M")

p(1, 1) =1
p(M™!, M™Y) = [p(M, M)]~! (18)
This means p is an isomorphism,
p: G(p, @) X G(r, 5) = Gu(p, q; 1, 5) (19)

In particular, if Ry has hyperbolic complex deformation parameters £ and m,
then so does the corresponding quantum group My € Gy,

My = My, m)
E=2(p+N+Sp-n
n=2@+9+S@-9 20)

In this special case, equation (18) becomes
p: G(p, @) X G(r, ) = G(E, M)

E=S(p+n+Sp -7
_1 € _
"1—2((I+S)+2(q $) (21)

Therefore, we have obtained a general extension of Zhong’s (1992) result.
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The above discussion may be generalized to the case of multiparametric
quantum groups. As an example, we consider the quantum group GL(X; g;;).
The corresponding Yang—-Baxter matrix is R(X; gy;) (Schrrimacher, 1991),

1

R(X; g, = a;;a{(aif + 0/ gy ) + 8’819”(1 - 32) 22)

qu
where 0% is equal to 1 for i > j and 0 otherwise. Therefore we obtain a
hyperbolic complex Yang—Baxter matrix

R, &) = 5 [ROG ay) + RO )] + £ ROG a) = ROE rp)] 29)

We easily see that the concrete form of the entries of R(T"; & ;j) is just the
same as that of R(X; ¢; 7). and its deformation parameters are hyperbolic
complex, i.e.,

mnmw=&%w+w% wi)me(—a

%a+n+ X -1

g (qu + rl_]) + = (qu rij) (24)

which is in accord with the results discussed above. Therefore we have
GL(X; qi) X GL(Y; r;j) =~ GLy(T'; &;) (25)
By virtue of the relations
Iy =TaL ™, &' gy, ry) = &45's ") (26)

and the results of Corrigan et al. (1990), we have the following property of
the YBE solutions:

RIT5 &5 = [R(T; &)1 Q7

etc.

We discover that there is a special subgroup in the quantum group
GLy(T'; &), i.e., if X, Y, q;;, and r;; all approach a single parameter g, then
I, &; — q also, and equation (25) becomes

GL,(n) X GLy(n) ~ GLyn; H) C GLi(T’; &) (28)
which is just the result given by Zhong (1992).
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1t is easily seen that the above discussion can be used for other quantum
groups, and there are similar results. To sum up, the concrete example shows
that a hyperbolic complex quantum group with hyperbolic complex multipa-
rameter usually is isomorphic to a direct product of two quantum groups
with ordinary multiparameter. This is an extension of results concerning
ordinary Lie groups (Zhong, 1985, 1992).
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